Abstract. We prove that for a compact toric manifold whose anti-canonical divisor is numerically effective, the Lagrangian Floer superpotential defined by Fukaya-Oh-Ohto-Ono [15] is equal to the superpotential written down by using the toric mirror map under a convergence assumption. This gives a method to compute open Gromov-Witten invariants using mirror symmetry.
Introduction
The PDE approach to mirror symmetry of toric manifolds is a very well-developed subject, see for example [20] and [27] . More recently, the Lagrangian Floer theory developed by Fukaya-OhOhta-Ono [13, 14, 15, 16] gives a geometric approach to study mirror symmetry for toric manifolds. The purpose of this paper is to relate these two seemingly different approaches in the case of compact toric manifolds. By doing so, we obtain an open analogue of the closed-string mirror symmetry discovered by Candelas-de la Ossa-Green-Parkes [4] . Namely, under mirror symmetry, the computation of open Gromov-Witten (GW) invariants is transformed into a PDE problem of solving Picard-Fuchs equations.
1.1. Superpotentials. Let X be a compact toric manifold of complex dimension n and q a Kähler class of X. The mirror of (X, q) is a Landau-Ginzburg model W q , which is a holomorphic function on (C × ) n . Closed-string mirror symmetry states that the deformation of W q encodes closed GW invariants of X. More precisely, there is an isomorphism QH * (X, q) ∼ = Jac(W q )
as Frobenius algebras, where QH * (X, q) denotes the small quantum cohomology ring of (X, q) and Jac(W q ) := C[z Based on physical arguments, Hori-Vafa [23] gave a recipe to write down a Laurent polynomial W • q from the combinatorial data of X. Independently, W • q was also constructed by Givental [19] . It turns out that W • q gives the 'leading order term' of W q , and our results show that the remaining terms are instanton corrections coming from holomorphic disks.
The PDE approach to writing down these instanton corrections is achieved by solving a PicardFuchs system for the mirror mapq(q). 1 It was studied by Givental [20] and Lian-Liu-Yau [27] for
Date: January 31, 2019. 1 In the literatures the mirror map refers to q(q), whileq(q) is its inverse.
a toric manifold X whose anti-canonical line bundle −K X is numerically effective. We call such X a semi-Fano toric manifold. In this setting the instanton-corrected superpotential is then given by
The function W PF q fits into the mirror symmetry picture mentioned above, namely we have QH * (X, q) ∼ = Jac(W PF q ) as Frobenius algebras.
Our approach to Theorem 1.1 is analytic in nature, involving the theory of unfoldings of analytic functions. The proof may be be summarized as follows. By combining the two isomorphisms QH * (X, q) ∼ = Jac(W PF q ) and QH * (X, q) ∼ = Jac(W LF q ), we get an isomorphism Jac(W LF q ) ∼ = Jac(W PF q ). This isomorphism together with semi-simplicity of the Jacobian rings imply that W LF q and W PF q have the same critical values. Putting these functions into a universal unfolding gives us constant families of critical points linking those of W PF q and W LF q . Since they have the same critical values, they indeed correspond to the same based point in the universal family. It follows that the two functions coincide. Details are given in Section 4.
In this paper we show that the technical convergence assumption in Theorem 1.1 holds at least in the following cases: (1) when dim X = 2 (see Section 4.3.1) and (2) when X is of the form P(K S ⊕ O S ) for some toric Fano manifold S (see Section 4.3.2). Remark 1.2. The isomorphism QH * (X, q) ∼ = Jac(W PF q ) in closed string mirror symmetry for toric manifolds is in fact a consequence of a more involved correspondence. Following Givental [19] , the quantum cohomology ring QH * (X, q) can be equipped with a D-module structure which is often called the quantum D-module. By K. Saito's theory of primitive forms [29] , the superpotential W PF also defines a D-module. Mirror symmetry for the toric manifold X may be understood as an isomorphism between the quantum D-module and the D-module defined by W PF .
Nevertheless, our proof of (1.1) does not require the mirror symmetry results at the level of Dmodule. The isomorphisms between quantum cohomology rings and Jacobian rings as Frobenius algebras are sufficient.
Computation of open GW invariants.
The function W LF is a generating function of open GW invariants n β (and thus can be regarded as an object in the 'A-side'), whereas W PF arises from solving Picard-Fuchs equations (and so is an object in the 'B-side'). Using this equality, the task of computing the open GW invariants is transformed to solving Picard-Fuchs equations which has been known to experts. Thus our work gives a mirror symmetry method to compute open GW invariants.
More precisely, in Section 4.2 we derive from Theorem 4.2 an explicit formula for the generating functions of open GW invariants n β . Our formula involves explicit hypergeometric series and mirror maps, and can be used to effectively evaluated open GW invariants n β term-by-term. As an application of our formula, we calculate some open GW invariants in a non-trivial example in Section 4.3.3.
Our formula for open GW invariants are made even more explicit using a relationship with Seidel representations. In Section 5, we derive from (1.1) the following formula for the generating function δ i (q) of open GW invariants: under the toric mirror mapq =q(q), we have (1.2) 1 + δ i (q) = exp g
0 (q) .
Here g 0 (q) :=
2 It is easy to see that this power series is convergent.
Our formula (1.2) completely and effectively calculates open GW invariants of all semi-Fano torc manifolds. This is a significant advance, since prior to our work open GW invariants of toric manifolds are only calculated in a few examples.
Our main results can also be understood as providing a geometric interpretation of the toric mirror mapsq(q), whose definition is combinatorial in nature and somewhat mysterious.
1.3.
Outline. This paper is organized as follows. Sections 2 and 3 serve as short reviews on toric geometry and deformation theory of analytic functions respectively. Section 4 contains the proof of the main theorem and its applications to computation of open GW invariants. Inspired by the recent work of González and Iritani [21] on the relation between mirror maps and Seidel representations [30] , [28] , we explain in Section 5 how (1.1) implies that open GW invariants can also be expressed by using Seidel representations.
Here are some remarks on notations. H 2 (X) means H 2 (X, Z) unless otherwise specified. QH * (X) always denotes the small quantum cohomology of X. The work of Fukaya-Oh-Ohta-Ono will be abbreviated as 'FOOO' in this paper.
1.4. Some history of this paper. The first draft of this paper was finished in October 2011. The technical assumption in Theorem 1.1, namely, the assumption that coefficients of W LF converge in an open neighborhood around q = 0, is required in order to apply the theory of unfoldings of analytic functions. It may be possible to avoid this assumption by carrying out the arguments for functions taking values in suitable formal power series rings. Around a year later (in November 2012), we found a new geometric approach making use of Seidel representations that proves (1.1) unconditionally; this geometric proof, together with several applications (one of which being, in turn, the convergence of coefficients of W LF !), appeared in [8] . Nevertheless we believe that it is still valuable to retain the argument in the current paper.
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Toric manifolds and their Landau-Ginzburg mirrors
In this section we give a quick review on some facts on toric manifolds. Then we recall the mirror maps for toric manifolds and Lagrangian Floer theory which we will use in this paper. The toric mirror map, which arises from attempts to compute genus 0 GW invariants of toric manifolds, has been studied by Givental [20] and Lian-Liu-Yau [27] , while the Lagrangian Floer theory was constructed by Fukaya-Oh-Ohta-Ono [15].
2.1.
A quick review on toric manifolds. Let N ∼ = Z n be a lattice of rank n. For simplicity we shall always use the notation N R := N ⊗ R for a Z-module R. Let X = X Σ be a compact complex toric n-fold defined by a fan Σ supported in N R . X Σ admits an action by the complex torus N C /N ∼ = (C × ) n , whence its name 'toric manifold'. There is an open orbit in X on which N C /N acts freely, and by abuse of notation we shall also denote this orbit by N C /N ⊂ X. Roughly speaking, X is obtained from the open part N C /N by compactifying along every ray of Σ.
We denote by M = Hom(N, Z) the dual lattice of N . Every lattice point ν ∈ M gives a nowherezero holomorphic function exp (ν , ·) : N C /N → C which extends to a meromorphic function on X Σ . Its zero and pole set gives a toric divisor 3 which is linearly equivalent to 0.
If we further equip X with a toric Kähler form ω ∈ Ω 2 (X, R), then the action of N R /N on X Σ induces a moment map
whose image is a polytope P ⊂ M R defined by a system of inequalities
where v i are all primitive generators of rays of Σ, and c i ∈ R are some suitable constants. Since translation of the polytope P does not affect the Kähler class, without loss of generality we may assume c 1 = . . . = c n = 0.
We always denote a regular moment map fiber of µ 0 over r ∈ M R by T r , and sometimes the subscript r is omitted if the base point is not important for the discussion. The primitive generators v i 's correspond to disk classes β i (r) ∈ π 2 (X, T r ), which are referred as the basic disk classes. The symplectic areas of these disk classes are given by (see [9] )
To complexify the Kähler moduli so that it is comparable to the mirror complex moduli, one considers complexified Kähler forms ω C = ω + i B ∈ Ω 2 (X, C) where B is any closed real two form. One obtains the complexified Kähler cone M A (X) ⊂ H 2 (X, C) by collecting the classes of all such complexified Kähler forms. Let {p 1 , . . . , p l } be a nef basis of H 2 (X), and let {Ψ 1 , . . . , Ψ l } ⊂ H 2 (X) be its dual basis. Then Ψ k induce coordinate functions q k on H 2 (X, C) by assigning η ∈ H 2 (X, C) with the value e −(q k , η) . In particular, we may restrict them on M A (X) to get coordinates for the Kähler moduli. Notice that (q 1 , . . . , q l ) tends to 0 when one takes the large radius limit.
Here comes a notational convention: For a class d ∈ H 2 (X), define
In this expression we may regard q = (q 1 , . . . , q l ) simply as formal parameters, not necessarily as coordinates of the Kähler moduli of X. If d is a curve class, since p j is nef for all j = 1, . . . , l, the exponents of q j in the above product are all nonnegative. This fact is important when one considers the J-function, which is a formal power series in q and it lives in the Novikov ring due to this fact.
The polytope P admits a natural stratification by its faces. Each codimension-one face T i ⊂ P which is normal to v i ∈ N gives an irreducible toric divisor
and all other toric divisors are generated by
2.2. The Landau-Ginzburg mirrors of toric manifolds. The mirror of a toric manifold X = X Σ is a Landau-Ginzburg model (X, W ), whereX = M C /M ∼ = (C × ) n and W :X → C is a holomorphic function called the superpotential. This subsection reviews how to use the combinatorial data of Σ to write down the superpotential. 4 It is commonly called the Hori-Vafa superpotential [23] in the literatures, but in fact it has appeared earlier in Givental's paper [20] (the notation for the superpotential in Givental's paper being F 0 (u)).
Recall that for i = 1, . . . , m and a moment map fiber T r = µ −1 0 (r) at r ∈ P • , β i ∈ π 2 (X, T r ) denotes the basic disk class bounded by T r corresponding to the primitive generator v i of a ray of Σ. We may also write it as β i (r) to make the dependency on r more explicit. One has the following exact sequence
where the first map π 2 (X) → π 2 (X, T r ) is a natural inclusion and the second map ∂ : π 2 (X, T r ) → π 1 (T r ) is given by taking boundary. Moreover π 1 (T r ) is canonically identified with the lattice N , and π 2 (X) = H 2 (X) since π 1 (X) = 0.
Definition 2.1 (The Hori-Vafa superpotential). Let X be a toric manifold equipped with a toric Kähler form ω, and let P be the corresponding moment map polytope. Denote the primitive generators of rays in its fan by v i , i = 1, . . . , m, and the corresponding basic disk classes bounded by a regular moment map fiber over r ∈ P • by β i (r) (here P • denotes the interior of P ). The Hori-Vafa superpotential mirror to X is defined to be
in which the summands are
A small circle is placed as the superscript to indicate that this superpotential has not received instanton corrections yet.
To make the above expression more explicit, let us fix a top dimensional cone of Σ generated by, say, v 1 , . . . , v n ∈ N (we can always assume that the cone is generated by v 1 , . . . , v n by relabeling the primitive generators if necessary). Then each v i defines a coordinate function
for i = 1, . . . , n. One may write down the Hori-Vafa superpotential in terms of these coordinates z i as follows:
Proposition 2.2. Assume the same setting as in Definition 2.1. The Hori-Vafa superpotential can be written as
The superpotential appearing in this section has not received instanton corrections yet. In the next two subsections we review two approaches to correct the superpotential, which are provided by mirror maps and Lagrangian Floer theory respectively.
where
In Section 2.1 we have made the choice c i = 0 for i = 1, . . . n. Thus Z i = z i for i = 1, . . . , n.
For i = n + 1, . . . , m, we may write
From the exact sequence (2.2),
Recall that we have introduced a basis {p 1 , . . . , p l } of H 2 (X) in the previous subsection, and
Thus the Hori-Vafa superpotential can be written as
Note that the expression of W • q appearing in Proposition 2.2 only exploits the fan configuration of the toric manifold X and does not involve its Kähler structure. The Hori-Vafa superptential corresponding to (X, ω C ), where ω C is a complexified Kähler class of X, is W • q(ω C ) where q(ω C ) = e
ω C is the coordinate of ω C in the complexified Kähler moduli. We omit the subscript q in the notation W • q whenever the dependency on q is not relevant for the discussion. From this expression, we see that W • (whose domain is originally P • ×M R /M ) can be analytically continued to M C /M ∼ = (C × ) n . We will mainly be interested in the deformation of W • , which is captured by its Jacobian ring Jac(W • ) whose definition is as follows: Definition 2.3 (The Jacobian ring). Let f : D → C be a holomorphic function on a domain D ⊂ C n . Then the Jacobian ring of f is defined as
where O D denotes the ring of holomorphic functions on D.
The Jacobian ring of W • is deeply related with the quantum cohomology ring QH * (X) of X. In [3] , Batyrev defined the following ring B X for a toric manifold X and it was later shown by Givental [20] that the small quantum cohomology ring QH * (X) is isomorphic to B X as algebras when X is Fano:
Definition 2.4 (The Batyrev ring [3] ). Let X be a toric manifold whose toric divisors are denoted by D 1 , . . . , D m , and let {p j } l j=1 be a nef basis of H 2 (X), so that
where I B X is the ideal generated by the elements
In the above expression (2.6)
Theorem 2.5 (Batyrev's mirror theorem [3, 20] ). Let X be a toric Fano manifold equipped with a complexified Kähler class ω C . Denote the small quantum cohomology ring of X by QH * (X, ω C ).
Here to define the Batyrev ring we choose a nef basis {p j } l j=1 of H 2 (X) whose dual basis is denoted by
On the other hand, the Batyrev ring B X is known to be isomorphic to the Jacobian ring. A good reference is part (i) of Proposition 3.10 of [25] by Iritani.
Proposition 2.6 ( [3, 25] ). Let X be a compact toric manifold and
as algebras, where the isomorphism is given by taking u j to q j
Combining Theorem 2.5 and Proposition 2.6, one has an isomorphism of algebras between QH * (X, ω C ) and Jac(W • q(ω C ) ) when X is a Fano manifold. However, this statement no longer holds in general when X is non-Fano. One needs to include 'instanton corrections' to make similar statements for non-Fano toric manifolds. In the next two sections we will review two different approaches in the semi-Fano setting.
2.3.
Toric mirror transform and mirror theorems. Mirror symmetry is powerful because it transforms quantum invariants to some classically known quantities in the mirror side. In this toric setting, it transforms the small quantum cohomology ring QH * (X) to the Jacobian ring of the superpotential in the mirror side. However, to make such a statement the above expression (2.4) for W • has to be modified by instanton corrections. In this section, we review the approach by using the toric mirror transforms studied by [20] and [27] . In the next section we will review another approach which uses open GW invariants [15] . The ultimate goal of this paper is to prove that these two approaches are equivalent, and this statement will be made clear in Section 4.
From now on we shall always assume that X is a semi-Fano toric manifold, which means the following:
Definition 2.7. A compact complex manifold is said to be semi-Fano if its anti-canonical divisor −K X is numerically effective, that is, −K X · C ≥ 0 for every complex curve C in X.
Under this condition the toric mirror transform can be written down explicitly. In Givental's formulation [20] , this is done by matching the I-function with the J-function, which are H * (X, C)-valued functions.
Recall that the I-function is written as
where {p 1 , . . . , p l } is a nef basis of H 2 (X) chosen in Section 2.1,q = (q 1 , . . . ,q l ) are formal variables
it has nothing to do with the coordinates z i on M C /M ∼ = (C × ) n given in the last section). I results from oscillatory integrals of W • and thus captures information about the Landau-Ginzburg mirror.
The J-function is a generating function recording the descendent invariants of X as follows:
where {φ α } is a homogeneous additive basis of H * (X) and {φ α } ⊂ H * (X) is its dual basis with respect to the Poincaré pairing. We always use . . . g,k,d to denote the genus g, degree d GW invariant of X with k insertions. 1,
is expanded into a power series in z −1 whose coefficients are descendent invariants of X, which involve the ψ-classes in GW theory.
While I-function is explicitly written down in terms of combinatorial data of the fan Σ, J-function involves descendent invariants of X which are difficult to compute in general. It was shown 6 by [20, 27] that via the 'mirror transform'q =q(q), J can be expressed in terms of I:
Theorem 2.8 (Toric mirror theorem [20, 27] ). Let X be a semi-Fano toric manifold. There exist formal power seriesq i (q) for i = 1, . . . , l such that I(q(q)) = J(q) 5 Conceptuallyq k are coordinates of the formal neighborhood around the large complex structure limit of the mirror complex moduli. That is, the mirror complex moduli is given by Spec C[q ±1 1 , . . . ,q ±1 l ], the large complex structure limit is atq1 = . . . =q l = 0, and I is a
, a formal neighborhood of 0. 6 The mirror theorem works much more generally for semi-Fano complete intersections in toric varieties; here we only need its restriction to semi-Fano toric cases.
whereq(q) = q 1 (q), . . . ,q l (q) . Moreover the power seriesq i (q), i = 1, . . . , l are explicitly determined by the expansion of I into a z −1 -series.
A prioriq i (q), i = 1, . . . , l, are formal power series in q. In Proposition 5.13 of [24] , Iritani proved that indeed the mirror transform is convergent:
Theorem 2.9 (Convergence of toric mirror map [24] ). Let X be a semi-Fano toric manifold and letq be the toric mirror transform given in Theorem 2.8. For every i = 1, . . . , l,q i (q) is convergent in a neighborhood of q = 0.
The I-function can be expressed as oscillatory integrals of the Hori-Vafa superpotential ([20, p.11]), and hence is complex analytic. Combining Theorems 2.8 and 2.9, one deduces that the J-function is also complex analytic in a neighborhood of q = 0.
The instanton-corrected superpotential can be expressed in terms of this mirror transform: Definition 2.10. Let X be a semi-Fano toric manifold, and letq(q) be the toric mirror transform. We define
The superscript 'PF' indicates that the superpotential is defined in terms of the mirror map which is calculated by solving Picard-Fuchs equations.
While Batyrev's original isomorphism (Theorem 2.5) does not hold true for general semi-Fano toric manifolds, it can be corrected by using the toric mirror transform:
Theorem 2.11 ([20, 10, 21] ). Let X be a semi-Fano toric manifold equipped with a complexified Kähler class ω C . We take a nef basis {p i } l i=1 ⊂ H 2 (X) and letq(q) be the toric mirror transform given in Theorem 2.8. Then
where the isomorphism is given by sending the generators
Now combining the above theorem with Proposition 2.6, one has Theorem 2.12 (Second form of toric mirror theorem). Let X be a semi-Fano toric manifold equipped with a complexified Kähler class ω C , and let W PF be the instanton-corrected superpotential in Definition 2.10. Then
Moreover, the isomorphism is given by sending the generators
2.4. Lagrangian Floer theory of Fukaya-Oh-Ohta-Ono. Another way to write down the instanton-corrected mirror superpotential is by counting stable holomorphic disks, which is a part of the Lagrangian Floer theory for toric manifolds developed by Fukaya-Oh-Ohta-Ono [15] . While FOOO's theory works for general compact toric manifolds, we will restrict to the case when X is a semi-Fano toric manifold for simplicity.
Let T be a regular toric moment fiber of the semi-Fano toric manifold X. For a disk class β ∈ π 2 (X, T), we have the moduli space M 1 (β) of stable disks with one boundary marked point representing β. M 1 (β) is oriented and compact. Moreover, since non-constant stable disks bounded by T have Maslov indices at least two, M 1 (β) has no codimension-one boundary (for a nice and detailed discussion of these, the reader is referred to [1, Section 3] ). The main problem is transversality: the dimension of M 1 (β) can be higher than its expected (real) dimension, which is n + µ(β) − 2, where µ(β) denotes the Maslov index of β. To tackle with this, FOOO considered the obstruction theory and constructed a virtual fundamental class [M 1 (β)] ∈ H n (T), so that the integration
Definition 2.13 (One-pointed open GW invariant [15] ). Let X be a compact semi-Fano toric manifold, and T a regular toric moment fiber of X. The one-pointed open GW invariant associated to a disk class β ∈ π 2 (X, T) is defined as
is the point class and ev : M 1 (β) → T is the evaluation map.
Note that dim[M 1 (β)] = n only when µ(β) = 2, hence n β = 0 whenever µ(β) = 2. Analogous to Definition 2.1, we have the following definition of instanton-corrected superpotential from Lagrangian Floer theory:
Definition 2.14. Let X be a semi-Fano toric manifold with a toric Kähler form ω, and P the corresponding moment map polytope. The instanton-corrected superpotential mirror to X from the approach of FOOO's Lagrangian Floer theory is defined to be
In the above equation, ∂β ∈ π 1 (T) ∼ = N so that it has a natural pairing with θ. The superscript 'LF' refers to Lagrangian Floer theory.
Analogous to Proposition 2.2, one may simplify the above expression of W LF as follows:
Proposition 2.15. Let X be a semi-Fano toric manifold whose generators of rays in its fan are
. Without loss of generality suppose {v 1 , . . . , v n } generate a cone in its fan, and it gives the complex coordinates z i := exp (2πi (v i , ·)) : M C /M → C. Then W LF can be written as
in which the summation is over all non-zero α ∈ H 2 (X) represented by rational curves with Chern number −K X · α = 0. As before,
Later we may denote W LF as W LF q to emphasize its dependency on the coordinate q of the Kähler moduli.
Proof. Equip X with a toric Kähler form ω. According to [15] , n β = 0 only when β = β i + α for i = 1, . . . , m and α ∈ H 2 (X) is represented by a rational curve. Moreover,
where Z i is defined by Equation (2.3). Also, by the results of Cho-Oh [9] , we have n β i = 1. Thus
From the proof of Proposition 2.2, Z i = z i for i = 1, . . . , n and Z j = q α j z v j for j = n + 1, . . . , m. The stated expression for W LF follows.
We may take a change of coordinates on z i and rewrite the above expression of W LF in the same form as W PF appeared in the last section: By the change of coordinates z i → z i /(1 + δ i ), the superpotential has the expression
for some formal seriesδ k in q 1 , . . . , q l with constant terms equal to zero. Notice that the coefficients of W LF are formal power series in q 1 , . . . , q l . This means W LF q is defined only in a formal neighborhood Spec C[[q 1 , . . . , q l ]] of q = 0. Substituting
. . , l where T is a formal variable, the coefficients live in the universal Novikov ring
Using this form of the superpotential, FOOO proved that . Moreover, the isomorphism is given by sending the generators p k ∈ QH * (X, q) to
Universal unfolding of superpotentials
In the last section we have discussed the Landau-Ginzburg mirror of a toric manifold X, which is a holomorphic function W : (C × ) n → C. We have seen that the deformation theory of W , which is recorded by its Jacobian ring Jac(W ), captures the enumerative geometry of X, namely its quantum cohomology QH * (X). In this section we recall some deformation theory in the Landau-Ginzburg side which we will use to prove our main theorem. We recommend Section 2.2 of Gross' book [22] which is an excellent review on this old subject. One of the classical literatures is the text [31] written by Teissier, and the papers [11, 12] by Douai and Sabbah give modern treatments and applications of this subject.
Let f be a holomorphic function on a domain D ⊂ (C × ) n . We are interested in deformations of f , which are defined as follows: Naturally one seeks for a universal object in the categories of unfoldings, in the sense that every unfolding comes from pull-back of this universal object. The precise definition is as follows: 
satisfying the conditions that
(2) Q : V → U is a holomorphic map with Q(0) = 0 whose induced map on tangent spaces is unique. 7 FOOO's theory works for big quantum cohomology of general compact toric manifolds as well. But since we have only written down the superpotential W LF without bulk deformation in the semi-Fano case, we shall confine ourselves to this special case of their theorem.
8 Indeed they proved more, namely, they are isomorphic as Frobenius algebras.
Here pr : V × D → V and pr : U × D → U are natural projections to the first factor. Now comes the essential point which we will use in the next section: When f is semi-simple, there is an easy way to write down an universal unfolding of f . First of all, let us recall the definition of semi-simplicity (the Jacobian ring is defined as in Definition 2.3): Definition 3.3 (Semi-simplicity). Let D ⊂ C n be a domain and f : D → C a holomorphic function. Denote its critical points by cr 1 , . . . , cr N . There is a natural homomorphism of algebras Jac(f ) → C N by sending g ∈ Jac(f ) to g(cr 1 ), . . . , g(cr N ) . f is said to be semi-simple if this is an isomorphism of algebras.
In the above definition, C N is equipped with the standard algebra structure: a 1 b 1 , . . . , a N b N ) .
Going back to our situation, we would like to consider the deformation theory of W PF q (or W LF q ). By Corollary 5.12 of Iritani's paper [24] , the quantum cohomology QH * (X, q) of a projective toric manifold is semi-simple for a generic Kähler class q. By Theorem 2.12 (Second form of toric mirror theorm), Jac(W PF q ) ∼ = QH * (X, q), and hence Theorem 3.4 (Semi-simplicity of superpotential [24] ). For generic q, W PF q is semi-simple. Now comes the key point (which is classical) in this section:
is a universal unfolding of f .
In particular, when the critical values of f are pairwise distinct, {g j := f j−1 } N j=1 gives a basis of Jac(f ). Thus
gives a universal unfolding of f .
Equivalence between mirror map and Lagrangian Floer approach
In Sections 2.3 and 2.4, we introduce the superpotentials mirror to a semi-Fano toric manifold written down by using toric mirror maps and Lagrangian Floer theory respectively. Their Jacobian rings are both isomorphic to the small quantum cohomology ring of X. It is natural to conjecture that these two superpotentials are indeed the same. In this section we prove such a statement, under the technical assumption that the instanton-corrected superpotential constructed from the Lagrangian-Floer approach has convergent coefficients. Since W PF is written in terms of the toric mirror transform, while W LF is written in terms of one-pointed open GW invariants, an interesting consequence of such an equality is that one-pointed open GW invariants can be computed by the toric mirror transform.
We will see in Subsections 4.3.1 and 4.3.2 that the above convergence assumption is satisfied when X is of dimension two, or when X = P(K S ⊕ O S ) for some toric Fano manifold S.
4.1.
The main theorem. Let X be a projective semi-Fano toric n-fold whose generators of rays in its fan are denoted by v 1 , . . . , v m . One has rank(H 2 (X)) = l := m − n.
Recall that
Based on the coefficients of these expressions, we define the following 'mirror maps':
Definition 4.1. Let X be a toric semi-Fano n-fold whose generators of rays in its fan are denoted by v 1 , . . . , v m . Define P LF = (P LF 1 , . . . , P LF l ),
On the other hand, define
The readers are referred to Sections 2.3 and 2.4 for the explanations of notations involved in the above definition. For each i = 1, . . . , l, P LF i is a formal power series living in the universal Novikov ring Λ 0 . On the other hand, sinceq i (q), i = 1, . . . , l, are convergent for q sufficiently small by Iritani's work [24] , P PF defines a holomorphic map from a neighborhood of 0 ∈ C l to C l .
Our main theorem can now be stated as follows: provided that there exists an open polydisk U q ⊂ C l centered at q = 0 ∈ C l in which P LF defined above converges and defines an analytic map U q → C l .
The proof of the above theorem occupies the rest of this subsection. The idea is the following: Using Theorem 2.12 and 2.16, Jac(W LF q ) ∼ = Jac(W PF q ). From this together with semi-simplicity, it follows that W LF q and W PF q have the same critical values. Then we put them into a universal unfolding and this gives us constant families of critical points linking those of W PF q and W LF q . Since they have the same critical values, they indeed correspond to the same based point in the universal family, and hence they are indeed the same.
We always assume that there exists an open polydisk U q ⊂ C l centered at q = 0 ∈ C l in which P LF converges and defines an analytic map U q → C l . By Theorem 2.9, P PF is convergent in an open neighborhood of q = 0. Thus by shrinking U q if necessary, we may assume that P PF also defines an analytic map on U q .
Then W LF (q, z) = W (P LF (q), z) and W PF (q, z) = W (P PF (q), z). It suffices to prove that P LF = P PF on U q .
By Theorem 3.4, W PF q = W P PF (q) is semi-simple for generic q. Moreover P PF is holomorphic which maps U q onto an open set of C l around P = 0. Thus W P is semi-simple for generic P . Let N be the number of critical points of f . For generic P ∈ (C × ) l , W P has N distinct critical values. Thus we can fix a base-point q = (q 1 , . . . , q l ) ∈ U q with P LF (q),
and W PF q = W P PF (q) are semi-simple, and both W P LF (q) and W P PF (q) have N distinct critical values.
Denote P = P LF (q) ∈ (C × ) l and let f = W P which is semi-simple and has N distinct critical values. Let D ⊂ (C × ) n be a bounded domain containing all the critical points of f . Then W : Proof. From Equation (4.2), one has
In On the other hand, W P gives an unfolding of f . From now on, for all P ∈ C l we restrict the domain of W P to D and still denote it by W P to simplify notations. As a result, there exists an open polydisk ∆ P ⊂ (C × ) l centered at P , holomorphic maps Q : ∆ P → C N and ζ : ∆ P × D → (C × ) n with Q(P ) = 0 and ζ(P , z) = z such that
Proposition 4.4. Let f : D → C be a semi-simple holomorphic function on a bounded domain D ⊂ C n with dim(Jac(f )) = N , and let W : C N × D → C be defined by Equation (4.2). Let W : U × D → C be a holomorphic function with W P = f for some P ∈ U . Suppose Q : U → C N and ζ : U × D → (C × ) n are holomorphic functions with Q(P ) = 0 and ζ(P , z) = z such that
. . , l is a linearly independent subset of the vector space Jac(f ), then the Jacobian matrix ∂Q ∂P (P ) is non-degenerate.
Proof. Differentiating both sides of the above equation with respect to P k (k = 1, . . . , l), one has
for all (P, z). Now take P = P and z to be a critical point cr of f . Then Q(P ) = 0 and ζ(P , cr) = cr, and so ∂W ∂ζ j (Q(P ), ζ(P , cr)) = ∂f ∂z j (cr) = 0 for all j = 1, . . . , n. Thus
for each critical point cr of f . Label the critical points of f as cr 1 , . . . , cr N . Then
Since the critical values of f are pairwise distinct, the square matrix f i (cr j )
is non-degenerate.
Also by assumption
C cr j , and so the matrix
is non-degenerate. This implies that the Jacobian matrix ∂Q ∂P (P ) is non-degenerate. Proposition 4.5. Let X be a toric manifold and let W : C l × (C × ) n → C be defined by Equation (4.1). Fix P ∈ (C × ) l and let f = W P . Then ∂ ∂P k P W P : k = 1, . . . , l is a linearly independent subset in Jac(f ).
Proof. Under the isomorphism QH * (X, ω q ) ∼ = Jac(f ) given by the Mirror Theorem 2.16 of FOOO,
is a linearly independent subset of Jac(f ). This implies the Jacobian matrix
is nondegenerate and
. . , l is a linearly independent subset in Jac(f ).
Proposition 4.6. By contracting ∆ P and D if necessary (still requiring that D contains all the critical points of f ), we can achieve the following:
(1) Q is an embedding.
(2) W P is semi-simple for all P ∈ ∆ P . (3) W Q(P ) has the same set of critical points as f for all P ∈ ∆ P .
∂ζ ∂z (P, z) is non-degenerate for every P ∈ ∆ P and z ∈ D.
Proof. Combining Propositions 4.4 and 4.5, ∂Q ∂P (P ) is non-degenerate. Thus Q is a local embedding around P = P , and thus Condition (1) can be achieved.
W P is semi-simple at P , and semi-simplicity is an open condition. Thus Condition (2) can be achieved.
By Proposition 4.3, W Q has the same set of critical points as f in a neighborhood ∆ Q . The inverse image of ∆ Q is an open set containing P , and so Condition (3) can be achieved.
Since ζ P = Id, ∂ζ ∂P (P , z) is non-degenerate for all z ∈ D. We take a compact subsetD ⊂ D whose interiorD contains all the critical points of f , and restrict ζ P onD. Then for P sufficiently close to P and z ∈D,
From now on we always take ∆ P and D such that all the conditions in Proposition 4.6 are satisfied. The preimage of ∆ P under P LF is an open subset of U q containing the based point q. Thus we may take a polydisk ∆ q ⊂ U q centered at q such that P LF (∆ q ) ⊂ ∆ P . Let∆ P := {(P, z) ∈ ∆ P × D : z is a critical point of W P }. ∆ P is an N -fold cover of ∆ P by projection to the first coordinate, where N is the number of critical points of f = W P . Moreover since W P is semi-simple for all P ∈ ∆ P ,∆ P consists of N connected components, each containing a point of the form (P , cr 0 ) where cr 0 is a critical point of f . Thus for every critical point cr(P ) of W P , there exists a unique critical point cr 0 of f such that (P, cr(P )) and (P , cr 0 ) are lying in the same connected component. We say that cr 0 is the critical point of f corresponding to cr(P ).
Lemma 4.7. For P ∈ ∆ P , let cr(P ) be a critical point of W P , and let cr 0 be the critical point of f corresponding to cr(P ). Then ζ(P, cr(P )) = cr 0 .
Proof. Differentiating the equation (4.3) with respect to z i for i = 1, . . . , n, we have
Let z = cr(P ) be a critical point of W P . Then the left hand side is equal to zero for all i = 1, . . . , n.
By Condition (4) of Proposition 4.6,
is non-degenerate. Thus for all j = 1, . . . , n,
we have ∂W ∂ζ j Q(P ), ζ(P, cr(P )) = 0, meaning that ζ(P, cr(P )) is a critical point of W Q(P ) . By Proposition 4.3, W Q(P ) has the same set of critical points of f . Thus for every P , ζ(P, cr(P )) is a critical point of f .
A path γ : [0, 1] → ∆ P joining P and P lifts to a pathγ : [0, 1] →∆ P joining (P, cr(P )) to (P , cr 0 ), where cr 0 is the critical point of f corresponding to cr(P ). Now for every t,γ(t) = (γ(t), z), where z is a critical point of W γ(t) . By the above deduction ζ •γ(t) is a critical point of f . But the critical points of f are isolated, which forces ζ •γ to be constant. Thus ζ(P, cr(P )) = ζ •γ(0) = ζ •γ(1) = ζ(P , cr 0 ) = cr 0 . Proposition 4.8. Let U be a contractible open subset of (C × ) l containing ∆ P P such that for all P ∈ U , W P is semi-simple. Let {cr i (P )} be the set of critical points of W P , where cr i : U → (C × ) n are holomorphic maps. Denote the critical points of f corresponding to cr i (P ) by cr i .
Then the holomorphic map Q : ∆ P → C N extends to U . Moreover W (P, cr i (P )) = W(Q(P ), cr i ) for all P ∈ U and i = 1, . . . , N .
Proof. We have W (P, z) = W(Q(P ), ζ(P, z)) for all P ∈ ∆ P and z ∈ D. Now take z = cr i (P ). By Lemma 4.7, ζ(P, cr i (P )) = cr i . Thus for all P ∈ ∆ P ,
Since f has pairwise distinct critical values, the matrix M = f k (cr i ) is invertible. Thus the above equation determines Q k (P ), which extends to define Q on U .
From now on, we take Dom Q to be a contractible open subset of (C × ) l with ∆ P and P PF (q) such that for all P ∈ U , W P is semi-simple and has pairwise distinct critical values. By the above proposition Q extends to be defined on U Q . Lemma 4.9. Let A = (C N , ·) be an algebra where the multiplication is given by   (a 1 , . . . , a N ) · (b 1 , . . . , b N ) = (a 1 b 1 , . . . , a N b N ) .
Denote by {e i } N i=1 the standard basis of C N . If Φ : A → A is an isomorphism of Frobenius algebras, then Φ is a permutation matrix written in terms of the basis {e i } N i=1 , that is, there exists a permutation σ on {1, . . . , N } such that Φ(e i ) = e σ(i) for all i = 1, . . . , N .
Proof.
Notice that e i · e i = e i and e i · e j = 0 for i = j. Since Φ preserves the product structure, one has Φ(e i ) · Φ(e i ) = Φ(e i );
Φ(e i ) · Φ(e j ) = 0 for i = j. 
Proof. Combining the toric mirror theorem and FOOO's mirror theorem, one has the isomorphism of algebras Jac(W
(Here q is a point in H * (X) and v is a tangent vector at q ∈ H * (X), and so the directional derivatives make sense.)
Moreover, since W LF q = W P LF (q) is semi-simple, one has Jac(W LF q ) ∼ = C N as algebras, where the isomorphisms are given by evaluations at critical points, that is, sending f ∈ Jac(W LF q ) to f (cr 1 (P LF (q) 
∈ C N . Together with the above isomorphism Jac(W LF q ) ∼ = Jac(W PF q ), this gives an isomorphism C N → C N as algebras, which must be a permutation matrix σ by Lemma 4.9. In particular, since Ψ i ∈ QH * (X, ω q ) is mapped to
Since the leading order terms of P LF and P PF are equal to each other, σ must be the identity. Using Proposition 4.8, we have
Proposition 4.10 gives
Let us denote the critical values of f by cv j , j = 1, . . . , N , which are pairwise distinct. Since the matrix (cv i j ) i,j=1,...,N is non-degenerate, the above equality implies that ∂Q LF ∂q = ∂Q PF ∂q and so Q LF − Q PF is a constant. As q → 0, both P LF (q) and P PF (q) tend to 0. Thus Q LF (q) − Q PF (q) = Q(P LF (q)) − Q(P PF (q)) can only be 0. In particular when we put q = q, Q(P LF (q)) = Q(P PF (q)) = 0, and so W PF q 0 = W LF q 0 . Since q 0 is arbitrary, this finishes the proof of Theorem 4.2.
4.2.
Application to computing open GW invariants. Now we deduce enumerative consequences of the equality W LF = W PF (see Theorem 4.2). In particular, we obtain a very powerful method to effectively compute all the open GW invariants of semi-Fano toric manifolds.
To begin with, recall that the equality gives
for k = n + 1, . . . , m, where the left hand side is a coefficient of W LF and the right hand side is the corresponding coefficient of W PF . The toric mirror transformq(q) can be computed explicitly as follows [20] . Expand the I-function as
Then the inverse mirror map is given by
and the mirror map is obtained by inverting the above formal power series. It is of the form q i = e φ i (q) q i for i = 1, . . . , l. Thus the above equality gives
for k = n + 1, . . . , m. Now recall that
is expressed in terms of open GW invariants n β j +α . Thus one would like to solve for δ j as a series in q in order to compute the open GW invariants. Notice that we have l equations (k runs from n + 1 to m), while we have m unknown variables δ k 's! It turns out that at most l − 1 of the δ k 's are non-zero. To see this we need the following result in González-Iritani [21] : 
Then g From the above proposition, we deduce that Let I ⊂ {1, . . . , m} be the collection of indices such that δ i = 0. By the above argument, {v i : i ∈ {1, . . . , m} − I} is the set of vertices of the fan polytope. Suppose that {D i : i ∈ I} is linearly dependent in H 2 (X, Q). Then there exists ν ∈ M − {0} such that (ν , v i ) = 0 for all i ∈ I. However this is impossible since {v i : i ∈ {1, . . . , m} − I} spans the whole N R . Thus {D i : i ∈ I} is linearly independent in H 2 (X, Q).
Let I = {i 1 < . . . < i K } ⊂ {1, . . . , m} be the collection of indices i such that v i is not a vertex of the fan polytope. The above corollary says that δ i = 0 only when i ∈ I. Complete {D i : i ∈ I} into a basis of H 2 (X, Q). Denote its dual basis by {Ψ 1 , . . . ,Ψ l } ⊂ H 2 (X, Q). From Equation (4.4),
for k = 1, . . . , K. From this we obtain all the one-pointed open GW invariants of a Lagrangian toric fiber of X. Theorem 4.13 (The instanton-corrected superpotential in surface case [6] ). Let X be a compact semi-Fano toric surface. Let β ∈ π 2 (X, T) be a class of disks with Maslov index two bounded by a Lagrangian torus fiber T. Then the genus 0 one-point open GW invariant n β is either one or zero according to whether β is admissible or not.
As a consequence,
The admissibility condition appeared in the above theorem is combinatoric in nature and is defined as follows: Definition 4.14 (Admissibility of disks in surface case.). Let X be a compact semi-Fano toric surface and denote a regular toric fiber by T. A class β ∈ π 2 (X, T) is admissible iff β = b+ k s k D k , where From the above definition, it follows that the number of admissible disks is finite. Thus δ k = β k +α is admissible q α is just a finite sum, and it follows that W LF converges. By Theorem 4.2, we have the Corollary 4.15. Let X be a compact semi-Fano toric surface. Then
Thus (1.1) holds unconditionally in this case.
We remark that since the toric mirror transform is written down in terms of series in the Kähler parameters q, checking the above equality by brute force requires non-trivial techniques on handling infinite seires. 
To prove this, we will use the following result proved by the first author [5] on equating open GW invariants with some closed GW invariants, and computation of toric mirror transform.
Theorem 4.17 (Open and closed GW invariants [5] ). Let T be a regular toric fiber of X = P(K S ⊕ O S ), where S is a toric Fano manifold, and let β 0 ∈ π 2 (X, T) be the basic disk class which intersects the zero section once. Then for every α ∈ H 2 (X) represented by a rational curve of Chern number zero, n β 0 +α = pt 0,1,h+α where h ∈ H 2 (X) is the fiber class and pt ∈ H n (X) is the Poincaré dual of a point in X.
Proof of Theorem 4.16. Denote the generators of rays in the fan of S by u 1 , . . . , u m ∈ N , and without loss of generality assume that u 1 , . . . , u n generates a cone in the fan. Then the generators of rays in the fan of X is v 0 = (0, 1), v ∞ = (0, −1), v i = (u i , 1) ∈ N × Z. W LF in this case is given by
where q 0 = e −A , A is the symplectic area of the fiber class; q 1 , . . . , q l are the Kähler parameters of S corresponding to a choice of basis {p 1 , . . . , p l } of H 2 (S), and α k is defined by Equation (2.5). It suffices to prove that
converges. By Theorem 4.17,
Then the toric mirror map is given by
q 2 =q 2 exp h(q 1 ).
By inverting the first equality, one has exp (−h(q 1 (q))) = 1 + q 1 and so
On the other hand,
It was shown by Auroux [2], Fukaya-Oh-Ohta-Ono [17] and Chan-Lau [6] that n β 4 +kΨ 1 = 1 when k = 0, 1 and zero otherwise. Thus
We see that W PF = W LF .
4.3.3.
A further example. To show the enumerative power of (1.1), we compute an example whose open GW invariants are more complicated than the canonical line bundle of a toric Fano manifold, in the sense that the bubbles which contribute to the open GW invariants are supported by more than one irreducible toric divisors.
The toric data is as follows. The primitive generators of rays in the fan are
and its moment map image (with respect to a toric Kähler form) is shown in Figure 1 . Let X denote this toric manifold.
Each facet is labelled by a number i = 1, . . . , 7 such that its primitive normal vector is given by v i , and the corresponding irreducible toric divisor is denoted by D i . The numbers beside the edges record the self-intersection numbers of lines inside the corresponding toric surfaces. We take a basis whereq(q) is the inverse of the toric mirror map. Let
In terms of the inverse mirror map (q 1 (q),q 2 (q),q 3 (q),q 4 (q)), where q = (q 1 , q 2 , q 3 , q 4 ) is a multivariable, one hasq 5 = q 5 exp(−f (q 1 (q),q 2 (q))); q 1q Thus
where we recall that β i are the basic disk classes associated to the irreducible toric divisors D i for i = 1, . . . , 7.
The equality W LF = W PF implies that
In the above expressions, exp(−h(q 4 (q))) is the easiest one to write down (it also appears in the case of the Hizerbruch surface F 2 ):
Thus n β 4 +kΨ 4 = 1 when k = 0, 1, and zero otherwise.
We do not have closed formulas for exp(−f (q 1 (q),q 2 (q))) and exp(−g(q 1 (q),q 2 (q))), still their power series expansion can be obtained with the help of a computer program. The corresponding open GW invariants can be extracted from the power series expansions. Some open GW invariants computed this way are shown in Tables 1 and 2 . Let h = β 1 + β 7 ∈ H 2 (X), letX be the blow-up of X at a generic point, andh ∈ H 2 (X) the proper transform of h under this blow-up. Then n β 1 +k 1 Ψ 1 +k 2 Ψ 2 = 1 X 0,0,h+k 1 Ψ 1 +k 2 Ψ 2 .
Since the classh+k 1 Ψ 1 +k 2 Ψ 2 is primitive, its GW invariant is an integer. Similarly n β 2 +k 1 Ψ 1 +k 2 Ψ 2 is equal to closed invariants of a primitive class, and this gives a geometric reason why they are integers. See also [7, Remark 5.7 ] for a related comment.
The relation with Seidel representations
In [21] , González and Iritani studied the relation between the Seidel elementsS i [30] , [28] and the so-called Batyrev elementsD i of a semi-Fano toric manifold X. More precisely, they proved the following formula: Here, the functions g (i) 0 (q) for i = 1, . . . , m are as defined in (4.5). They appear as part of the toric mirror map for the symplectic X-bundle E i → P 1 which is constructed and used to define the Seidel elementS i [30] . We refer to [21] for the precise definitions ofS i andD i . Note that the mirror moduli coordinatesq are written as y there. (1 + δ i (q))
under the toric mirror mapq =q(q).
Conversely, suppose that we have
exp g (1 + δ i (q))
0 (q)
Hence, we have W PF q = W LF q . In summary, we have shown that (1.1) is equivalent to the equations
exp g 0 (q(q)) (1 + δ i (q)) .
By the fact that any convex polytope with nonempty interior in R n has at least n + 1 vertices, at least n + 1 of the functions g 
